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Deviation from proportionality occurs when the ratio of area under
the curve (AUC) values is not equal to the ratio of administered
doses. The degree of nonlinearity (f) can be quantitated as the
ratio of AUCs divided by the ratio of doses. We explore positive
deviation from proportionality (fiy; > 1) using the classical Michae-
lis—-Menten model of nonlinear elimination after a single dose (n = 1)
or at steady state (ss). The degree of nonlinearity is related to the
ratio of the highest dose to the lowest dose (Rd = Dy/Dy): fir! =
2+ Rd-€))2 + €, =(Rd-Q — 1)(Rd-Q — Rd), where €
is the ratio of the initial concentration after the lowest dose to the X,
(e = D /K,, - V) and Q is the ratio of the V,,, to the average rate of
input for the highest dose (0 = V_, 7/F - Dy). From these relation-
ships, we find that (1) for single-dose studies, K, is the important
Michaelis-Menten parameter, while V., is important at steady
state; (2) the degree of nonlinearity cannot exceed the ratio of doses
in single-dose studies, and when doses in extreme excess of X, - V
are chosen, the degree of nonlinearity is equal to the dose range; and
(3) at steady state, the degree of nonlinearity can exceed the ratio of
doses and approaches infinity as the average input rate approaches
Vmax. Literature data (phenytoin and ethanol) support these find-
ings. We conclude that the degree of nonlinearity is not a useful
measure of nonlinearity in and of itself and propose percentage sat-
uration as being more informative.

KEY WORDS: dose proportionality; Michaelis—Menten; nonlinear-
ity; data analysis; pharmacokinetics.

INTRODUCTION

The purpose of this paper is to draw attention to the
relationship between the dose range chosen in dose-
proportionality studies and the degree of nonlinearity (i.e.,
deviation from proportionality) detected. For single-dose
studies, deviation from proportionality occurs when the ratio
of area under the curve (AUC) values is not equal to the ratio
of administered doses. Thus, the degree of nonlinearity
(fur" =" can be quantitated as the ratio of AUCs divided by
the ratio of doses:
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where the subscripts H and L refer to the highest and lowest
doses, respectively. For example, if a twofold increase in
dose results in a fourfold increase in AUC, the degree of
nonlinearity is two. For steady-state studies, the average
steady-state concentration (C,,) is of primary interest. Sim-
ilar to the single-dose case, the degree of nonlinearity (fiy; *%)
can be quantitated as the ratio of C, values divided by the
ratio of dose rates:

Cssy Dijr

AL = ES—SL "Dy (2)

where 7 is the dosing interval. In order to interpret such
numbers (i.e., whether large or small), it is necessary to
understand how the deviation from proportionality (i.e., fiq,
# 1) relates to the underlying kinetic processes and study
design. As a first step toward understanding this relation-
ship, we explore positive deviation from proportionality (fq;
> 1), using the classical Michaelis—-Menten model of nonlin-
ear elimination for a drug administered by intravenous bolus
(or rapidly absorbed following extravascular dosing in the
single dose case) as a single dose or following multiple doses
at regular intervals (1) to steady state. We derive equations
for fio "~ ! and fi S involving the Michaelis—-Menten param-
eters and simulate the influence of these parameters and
dose range on the degree of nonlinearity. Finally, we support
our theoretical findings with two examples of compounds
known to be eliminated by capacity-limited processes.

THEORETICAL

Derivation of f,;"~". The single-dose equation is de-
rived using the classical Michaelis—-Menten expression for
area under the plasma concentration-time curve (AUC) after
intravenous bolus administration or rapid absorption follow-
ing extravascular dosing (1):*

F-D F-D

Ve \ K T 5y ) ®)
where F is the fraction of an orally administered dose that
reaches the systemic circulation (F = 1 for an iv dose), D is
the dose, V is the volume of distribution, V. is the maxi-
mum rate of elimination, and K,,, the Michaelis constant, is
the plasma concentration needed for an elimination rate
equal to one-half of V.. Substituting the expression for
AUC [Eq. (3)] into that for f,;; "~ ' [Eq. (1)] after iv dosing
(or after oral dosing when F is not affected by the nonlin-
earity):

AUC =

2V - K, + F- Dy
2V-K,+ F-Dy

AL = “4)
Note that the degree of nonlinearity is independent of V,..
K,, is the only Michaelis parameter of importance in the
single-dose case.

4 Equation differs from the original expression in that C(0) has been
replaced by FD/V and V,, has been replaced by V.. /V, so that
V max iS the maximum rate of elimination rather than the maximum
rate of change of plasma concentrations (V).
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If we define two new terms, the ratio of doses (Rd =
Dy/D;, Rd > 1) and the ratio of the initial concentration
after administration of the lowest dose to K,, [e = F - D,/
(V- K_), 0 <e< =], then we can write an equation for the
degree of nonlinearity that depends only on these two ratios,
and not the actual value of X,,, and the doses used:

-y 2+Rd-e

A= 2 +e€ )

Derivation of f5,;**. Similarly, the steady-state equation

for fur*® is derived using the classical Michaelis~Menten

relationship between average input rate (F - Dose/7) and av-
erage steady-state concentration (2):

F'D_ Viax * Css
T K, + Cg

(6)

An equation for fy; *° is derived by solving the expression
above [Eq. (6)] for C,, and substituting the resultant equation
into that for fi *° [Eq. (2)]:

F- Dy F - Dy
fSNSL=< T _Vmax)/< T -

Note that the degree of nonlinearity is independent of K, ;
Vmax 18 the only Michaelis parameter of importance in the
steady-state case.

If we use the previous definition for the ratio of doses
(actually dose rates in this case) and define a new term, the
ratio of V ,,, to the average input rate for the highest dose [(2
= Vipax - TF - Dy, 1 < ) < ], then we can write an equa-
tion for the degree of nonlinearity that depends only on these
two ratios, and not on the actual value of V., and the dose
rates used:

Vmax) M

Rd- Q-1

S _ —_—_—_—_—_—_—_—_—_—_—_—_—_—_—_—_
A Rd Q- Rd ®)

Note that the lower limit of ) is unity, since the expression
for C,, [Eq. (6)] is valid only when input rates are less than
the maximum rate of elimination (V_,,). As { approaches
infinity, the dose rates are infinitely small in comparison to
V,

max*

RESULTS AND DISCUSSION

Properties of T5;~". For single-dose studies, the de-
gree of nonlinearity is dependent only on the dose range used
and where the initial concentration for the lowest dose
(F - D;/V) lies in relation to the K, value; it is independent
of Vhax- Using I’'Hoépital’s rule to evaluate Eq. (5), the limit
of fi1” =" as € approaches infinity is

lim /%' = Rd )

e
That is, for drugs eliminated by a single Michaelis—Menten
pathway, (i) the degree of nonlinearity cannot exceed the
ratio of doses (i.e., 1 < f,i; ="' < Rd); and (ii) when doses in
extreme excess of K, -+ V/F are chosen, the degree of non-
linearity is equal to the dose range. This trend also becomes
apparent in simulations of fi”=' versus € (logarithmic
scale) for various values of the dose range (Fig. 1). When €
is small (i.e., concentrations much smaller than K,,), the
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Fig. 1. Relationship between single-dose degree of nonlinearity and
e (ratio of initial concentration at lowest dose and K,,) for four
values of the dose range, Rd = 2, 5, 10, and 20.

degree of nonlinearity is 1 (i.e., no deviation from linearity).
As € increases (i.e., concentrations approach and exceed
K,,), the degree of nonlinearity increases until reaching its
maximum value of Rd, which occurs approximately when
the initial concentration for the lowest dose exceeds
100 - K,,,. For a given drug at a particular lowest dose (i.e.,
constant €), the relationship between degree of nonlinearity
and dose range is shown in Fig. 2A. The degree of nonlin-
earity increases linearly as the dose range increases, with a
slope of €/(2 + €) [from Eq. (5)]. For large values of €, the
slope approaches 1. Single-dose data for ethanol (large €) and
a phosphate ester prodrug of phenytoin (intermediate €),
which have been shown to obey Michaelis—-Menten elimina-
tion kinetics, illustrate these principles.

Rangno et al. (3) studied the absorption, distribution,
and elimination of several relatively large oral and intrave-
nous doses of ethanol. Eight normal volunteers each re-
ceived three intravenous doses (0.375, 0.5, and 0.75 g/kg) of
ethanol at a constant rate over 30 min. The resultant median
AUC values were 1.10, 2.13, and 4.55 g - hr/L.. When the
authors analyzed the concentration-time data using a two-
compartment Michaelis-Menten elimination model, they de-
rived a median K,, value of 0.03 g/L. This is approximately
30 times the peak concentration observed after administra-
tion of the lowest iv dose (i.e., € is approximately 30 and
Sfu” = ! should approach Rd). Using 0.5 g/kg as the highest
dose, Rd = 1.33 and f;1." ="' = 1.45. Using 0.75 g/kg as the
highest dose, Rd = 2 and fi;"~' = 2.07. Thus, fii;" "' is
approximately equal to Rd. These data are shown in Fig. 2B
for comparison to the theoretical line generated from Eq. (5)
for an € value of 30. It is apparent that ethanol behaves as
predicted for a drug with a high € value (i.e., fi ."~! = Rd).
The fact that fo; "~ ! slightly exceeds Rd may be an artifact
of using median data with large interindividual variability.

Gerber et al. (4) studied the disposition of phenytoin
after intravenous administration of a phosphate ester of phe-
nytoin over 30 min to four groups of normal volunteers at
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Fig. 2. Relationship between single-dose degree of nonlinearity and ratio of doses (Rd) for five values of e (ratio of initial
concentration at lowest dose and K,,), 0.1, 1, 10, 100, and 1000 (A). Data for ethanol (+) and phenytoin (M) are shown with

the theoretical lines corresponding to their calculated € values (B); ¢ = 30 for ethanol and €

0.55 for phenytoin. For

reference, a line that better describes the phenytoin data (e = 0.15) is also shown.

doses of 150, 300, 600, and 1200 mg. The ester is rapidly and
completely hydrolyzed to phenytoin (¢, = 8 min). The re-
sultant mean phenytoin AUC values were 35, 67, 136, and
481 mg - hr/L. Literature data suggest that K, ranges from |
to 15 pg/mL, with an average of approximately 4 pwg/mL in
epileptic patients (2). Using this literature K,, value and the
mean peak phenytoin concentration of 2.2 pg/mL observed
after the lowest dose, the estimated e value is 0.55. Thus, the
degree of nonlinearity should be much less than the ratio of
doses and should increase as the dose range increases. Using
300, 600, and 1200 mg in turn as the highest doses, fy "~ !
values of 0.96, 0.97, and 1.72 result for Rd values of 2, 4, and
8, respectively. These data are shown in Fig. 2B for com-
parison to the theoretical line generated from Eq. (5) for an
e value of 0.55. It is apparent that phenytoin behaves as
predicted for a drug with an intermediate € value (i.e.,
S~ < Rd). The theoretical line for € = 0.55 does not,
however, adequately describe the relationship between de-
gree of nonlinearity and dose range. This is probably due to
the uncertainty in estimation of ¢, since no K,, values were
available from the study that reported the AUC values used
here. A line generated for e = 0.15 appears to describe the
phenytoin data more accurately (Fig. 2B).

These two examples can be used to illustrate the impor-
tance of considering dose range when interpreting degree of
nonlinearity detected in single-dose studies. The degree of
enzyme saturation has been put forward as a number that
quantifies the relationship between the (initial) concentration
achieved with a particular dose and the Michaelis constant,
K, (5). This number has been calculated for the two ethanol
doses that resulted in an f; "~ value of 1.45 and the two
phenytoin doses that resulted in an f,;; *=' value of 1.72
(Table I). The enzyme responsible for metabolism of ethanol
is almost completely saturated (both doses), while that for
metabolism of phenytoin is between 35 and 81% saturated,

even though the degree of nonlinearity observed was higher
for phenytoin than for ethanol. This is solely an artifact of
the different dose ranges used (1.33-fold for ethanol and
8-fold for phenytoin) and points out the flaw in interpreting
fu” =1 values across compounds where different dose
ranges were used.

Properties of £, *°. For steady-state studies, the degree
of nonlinearity is dependent only on the range of dose rates
used and where the maximum rate of elimination (V,,,,) lies
in relation to the average rate of input for the highest dose
(F - Dy/); itis independent of K. The relationship between
the degree of nonlinearity at steady state and the range of
dose rates employed is shown in Fig. 3. When the average
input rate for the highest dose is much smaller than V.,
(i.e., Q is large), the degree of nonlinearity approaches unity
(i.e., C is proportional to dose rate). As the average input
rate for the highest dose approaches V,_,, (i.e., Q ap-
proaches unity), the degree of nonlinearity approaches infin-
ity. That is, during steady-state studies for drugs eliminated
by a single Michaelis—Menten pathway, the degree of non-
linearity may approach infinity as the average input rate ap-

Table I. Calculated Degree of Enzyme Saturation for Ethanol and

Phenytoin (Following Phosphate Ester Prodrug Administration)

over a Range of Doses and the Corresponding Degree of Nonlinear-
ity Observed®

Compound Dose fa ! % saturation®
Ethanol 0.375 mg/kg 1.45 97
0.5 mg/kg : 98
Phenytoin 250 mg 1.72 35
1200 mg : 81

% Ethanol data found in Ref. 3; phenytoin data found in Ref. 4.
% Percentage saturation is defined as 100 - C(0)/[K,, + C(0)] (5).
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Fig. 3. Relationship between steady-state degree of nonlinearity and
€ (ratio of V_,, to average input rate for highest dose, F - Dy/7) for
three values of the dose range, Rd = 2, 5, and 10.

proaches the maximum rate of elimination. This is in con-
trast to the single-dose case, where the degree of nonlinear-
ity is limited by the ratio of doses. This trend is also apparent
if the limit of f;; *° [Eq. (8)] as Q approaches unity is eval-
uated using I’Hopital’s rule:
lim f{j = « (10
0—1
For a given drug at a particular highest dose rate (i.e., con-
stant (1), the relationship between degree of nonlinearity and
range of dose rates employed is shown in Fig. 4. The degree
of nonlinearity increases as the ratio of dose rates increases
until a plateau is reached. Once the ratio of dose rates is

Q=15
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Fig. 4. Relationship between steady-state degree of nonlinearity and

ratio of dose rates (Rd) for four values of () (ratio of V,,,, to average
input rate for highest dose, F - Dy/7), 1.5, 2, 3, and 4.
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within the plateau range and a highest dose rate has been
chosen, widening the range of dose rates used (i.e., reducing
the lowest dose rate) has no effect on the degree of nonlin-
earity detected. The plateau is achieved earlier (i.e., at lower
values for the ratio of dose rates) when the average input rate
for the highest dose is much smaller than V., (i.e., when )
is large). The plateau value is largest for the average input
rate closest to V., (i.e., smallest value of {}). The plateau
value is obtained from the following limit:

Q
lim i = ——
Rd—x NL Q - 1

an

For example, for ) = 1.5 and Q) = 5, the plateau degrees of
nonlinearity are 3 and 1.25, respectively. Multiple-dose data
for phenytoin illustrate these principles.

The relationship between daily phenytoin dose (50 to
600 mg) and steady-state plasma concentration was docu-
mented in epileptic patients requiring several different dose
levels (three to six) to achieve concentrations within the
therapeutic range (6). Table II contains the fiy; ** and Rd
estimates for these data. Notice that in every case fy*®
exceeds Rd. This is in contrast to the trend for foy; "~ values
derived from single-dose phenytoin data, where the degree
of nonlinearity was always less than Rd.

Percentage saturation, calculated from concentration
and K,,, has been proposed as an informative parameter to
quantitate nonlinearity. Although appropriate for the single-
dose case, the multiple-dose case is better served by a pa-
rameter that expresses the relationship between the average
input rate (F - D/1) and the maximum rate of elimination. In
a sense, this is also an index of saturation, and we use the
term ‘‘steady-state percentage saturation.’’ It is inversely
related to , calculated as 100/Q) for the highest dose,
100 - Rd/Q) for the lowest dose, and simply 100 - F - D/
(7 - Vhax) for any dose in between.

Estimates of ) for the phenytoin data derived from a
rearrangement of Eq. (8) [} = (fi.%° - Rd — 1)/(fa > - Rd
— Rd)] as well as the steady-state percentage saturation at
the highest daily dose are also listed in Table II. Values of {)
range from 1.1 to 1.2. Values of () close to unity occur as the
average input rate for the highest dose rate approaches V..
The corresponding values for the steady-state percentage
saturation for the highest daily dose range from 87 to 95%.

Table II. Calculated Values for 2% and Steady-State Degree of Sat-
uration for Phenytoin® over a Range of Daily Doses and the Corre-
sponding Degree of Nonlinearity Observed

Dyl
Subject (mg/day) 1T Rd Q % saturation®
A 150 5.75 3 1.14 88
B 150 7.33 3 1.11 90
C 300 4.14 1.5 1.11 90
D 450 4.56 2.25 1.16 87
E 600 7.21 1.5 1.05 95

¢ Ratio of F - Dy/vto V.

% Phenytoin data found in Ref. 6.

¢ Percentage saturation is defined as 100 - F - D/(z - V_,) and
calculated for the highest daily dose from (% saturation =

100/€2).
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That is, the highest daily doses used in this study resulted in
average input rates within 87 to 95% of V.

A possible pitfall in interpretation of fi; °* values can be
illustrated using data for subjects B and C. The degrees of
nonlinearity are 7.33 for subject B and 4.14 for subject C
(Table II). Considering only the degree of nonlinearity, it
might be concluded that the phenytoin elimination pathway
for subject B was closer to saturation than that for subject C.
In actuality, the two subjects are at the same level of satu-
ration at their (different) highest dose rates. The different
S *S values are solely an artifact of the different range of
dose rates used for the two subjects (3-fold for subject B and
1.5-fold for subject C). Thus, fo > values (as is true of
Sfur”=" values) cannot be interpreted without considering
the range of dose rates employed in the study.

In summary, the degree of nonlinearity is not an infor-
mative measure of nonlinearity in and of itself, as it is de-
pendent not only on the initial concentration achieved after
the lowest dose in relation to K,,, (or the average rate of input
for the highest dose in relation to V_,,), but also on the dose
range (or range of dose rates) employed in the study. Thus,
comparisons of the degree of nonlinearity for two different
compounds are valid only if the same dose range (or range of
dose rates) is used. A more informative parameter for drugs
eliminated by a single Michaelis—Menten pathway is percent-
age saturation (either single dose or steady state).

These findings also have implications for the design of
dose-proportionality studies, where intra- and interindivid-
ual variation must be considered. First, there may be no
point in doing a single-dose dose-proportionality study if the
drug is to be administered chronically. The degrees of non-
linearity are likely to bear no resemblance to one another,
since one is determined by K,, and the other by V.. Sec-
ond, there may be no point in doing a single-dose dose-
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proportionality study with a dose range that is less than the
degree of nonlinearity deemed important to detect, as the
power to detect this degree of nonlinearity will be (infinitely)
small. Third, it should be possible from the relationships
developed in this paper to construct guidelines for the dose
ratio needed in order to detect the degree of nonlinearity
deemed important in single-dose studies when the intra- and
interindividual variation is known. This is not as relevant for
steady-state studies, since the degree of nonlinearity is less
dependent on the range of dose rates. Model dependence of
these conclusions (i.e., whether they can be generalized to
other types of pharmacokinetic nonlinearity and other
modes of input) should be explored in future theoretical
studies before application to constructing definitive guide-
lines for the design of dose-proportionality studies.
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